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Outline

Cross Gramian a tool for model reduction
Empirical based on experiments, data-driven

Distributed a parallel approach



Motivation

Application:

Neurophysiological

Parameter Inference (ie.: Network Connectivity)

Functional Neuroimaging Data

Model:

Nonlinear

Parametric

High-Dimensional State- and Parameter-Space



Notation (I)

Linear (Time-Invariant) System:

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t)

x(0) = x0

Input: u(t)

State: x(t)

Output: y(t)

M := dim(u(t))

N := dim(x(t))

Q := dim(y(t))

System Matrix: A ∈ RN×N

Input Matrix: B ∈ RN×M

Output Matrix: C ∈ RQ×N



Notation (II)

General Input-Output System:

ẋ(t) = f (x(t), u(t), θ)

y(t) = g(x(t), u(t), θ)

x(0) = x0

Parameter: θ ∈ RP

Vector Field: f : RN ×RM ×RP → RN

Output Functional: g : RN ×RM ×RP → RQ



Model Order Reduction (MOR)

Relevant Input-Output Mapping:

u 7→ y

Actual Input-Output Mapping:

u 7→ x 7→ y

Reduction Rationale:

N � 1

M � N

Q � N



Reduced Order Model (ROM)

Reduced Order System:

ẋr(t) = fr(xr(t), u(t), θ)

yr(t) = gr(xr(t), u(t), θ)

xr(0) = x0,r

n := dim(xr(t))

n� N

‖y(θ)− yr(θ)‖ � 1



Projection-Based Model Reduction

Galerkin Projection U :

rank(U) = n

UU = U

UᵀU = 1

Projection-Based ROM:

ẋr(t) = Uᵀf (Uxr(t), u(t), θ)

yr(t) = g(Uxr(t), u(t), θ)

xr(0) = Uᵀx0



Cross Gramian1 [Fernando & Nicholson'83, Laub et al.'83 ]

For square systems (M = Q):

WX := C ◦ O

=

∫ ∞

0

eAt BC eAt dt

part. Int.⇒ AWX + WXA = −BC

Special properties:

state-space symmetric systems

(orthogonally) symmetric systems

1
The cross Gramian is not a Gramian matrix!

http://dx.doi.org/10.1109/TAC.1983.1103195
http://dx.doi.org/10.1109/PROC.1983.12688


Direct Truncation

Hankel operator:

H := O ◦ C

For symmetric systems:

H = H∗

⇒ OC = (OC)∗

⇒ σi (H) =
√
λi ((OC)∗OC)

=
√
λi (OCOC)

=
√
λi (COCO)

=
√
λi (WXWX ) = |λi (WX )|

Approximate Hankel Singular Value Decomposition:

WX
SVD
= UDV → U =

(
U1 U2

)



Domains of Application

Model Reduction [Sorensen & Antoulas'02]

System Indices:

Minimality Test [Fernando & Nicholson'82]
System Gain [Gheondea & Ober'99]
Singularity Index [Mironovskii & Soloveva'15]
Cauchy Index [Fernando & Nicholson'83]
Minimum Information Loss Index [Fu et al.'09]

Sensitivity Analysis [Streif et al.'06, Streif et al.'09]

Parameter Identi�cation [H. & Ohlberger'14]

Decentralized Control [Moaveni & Khaki-Sedigh'06]

and more . . .

http://dx.doi.org/10.1016/S0024-3795(02)00283-5
http://dx.doi.org/10.1109/PROC.1982.12460
http://dx.doi.org/10.1090/S0002-9939-99-04669-9
http://dx.doi.org/10.1134/S0005117915020022
http://dx.doi.org/10.1109/TAC.1983.1103200
en.cnki.com.cn/Article_en/CJFDTOTAL-ZDZC200905005.htm
http://hdl.handle.net/2268/130730
http://books.google.de/books?id=Haod3KR-tR8C
http://dx.doi.org/10.1155/2014/843869
http://dx.doi.org/10.1109/SICE.2006.314989


Empirical Linear Cross Gramian2 [Fernando & Nicholson'85, Shaker'12]

WX =

∫ ∞

0

eAt BC eAt dt

=

∫ ∞

0

(eAt B)(eA
ᵀt C ᵀ)ᵀdt

=

∫ ∞

0

x(t)z(t)ᵀdt

x(t) Impulse Response

z(t) Adjoint Impulse Response

2
See also: [Moore'81, Lall et al.'99, Lall et al.'02]

http://dx.doi.org/10.1109/TCS.1985.1085737
http://dx.doi.org/10.1109/ICIEA.2012.6360824
http://dx.doi.org/10.1109/TAC.1981.1102568
resolver.caltech.edu/CaltechAUTHORS:20101007-154754737
http://dx.doi.org/10.1002/rnc.657


Empirical Cross Gramian [Streif et al.'06, H. & Ohlberger'14]

ŴX =
M∑

m=1

∫ ∞

0

Ψm(t)dt ∈ RN×N

Ψm
ij (t) = 〈xmi (t), y jm(t)〉

xmi (t) � i-th state component for m-th perturbed input

y jm(t) � m-th output component for j-th perturbed initial state

For linear systems: ŴX = WX

For parametric systems3: ŴX =
∑

θi∈Θh
ŴX (θi )

3
Based on [Sun & Hahn'06]

http://hdl.handle.net/2268/130730
http://dx.doi.org/10.1155/2014/843869
http://dx.doi.org/10.1016/j.ces.2006.04.027


Combined State and Parameter Reduction

Reduced Order System:

ẋr(t) = fr(xr(t), u(t), θr)

yr(t) = gr(xr(t), u(t), θr)

xr(0) = x0,r

p := dim(θr)

p � P

‖y(θ)− yr(θr)‖ � 1



Empirical Joint Gramian [Ge�en et al.'08, H. & Ohlberger'14]

Augmented System:(
ẋ(t)

θ̇(t)

)
=

(
f (x(t), u(t), θ)

0

)

y(t) = g(x(t), u(t), θ)
(
x(0)
θ(0)

)
=

(
x0
θ

)

Joint Gramian (Cross Gramian of the Augmented System):

WJ =

(
WX WM

Wm Wθ

)

Uncontrollable Parameters:

Wm = 0

Wθ = 0

http://dx.doi.org/10.1109/ACC.2008.4586807
http://dx.doi.org/10.1155/2014/843869


Empirical Cross-Identi�ability Gramian [H. & Ohlberger'14]

Schur-Complement of Wθ (Cross-Identi�ability Gramian):

WÏ := 0− 1

2
W ᵀ

M(WX + W ᵀ
X )+WM

WÏ encodes the �observability� of parameters.

Parameter Projection as Principal Components:

WÏ

SVD
= Π∆Λ→ Π =

(
Π1 Π2

)

http://dx.doi.org/10.1155/2014/843869


Cross-Gramian-Based Combined Reduction

State-space projection:

WX
TSVD

= U1D1V1

Parameter-space projection:

WÏ

TSVD
= Π1∆1Λ1

Combined state and parameter ROM:

ẋr (t) = Uᵀ
1 f (U1xr (t), u(t),Π1θr ),

yr (t) = g(U1xr (t), u(t),Π1θr ),

xr (0) = Uᵀ
1 x0,

θr = Πᵀ
1θ



Nonlinear Test System4

Weakly Nonlinear SISO System:

ẋ(t) = A tanh(K (θ)x(t)) + Bu(t)

y(t) = Cx(t)

x(0) = 0

System Dimensions:

dim(u(t)) = 1

dim(x(t)) = 102

dim(y(t)) = 1

dim(θ) = 102

4
See: Hyperbolic Network Model [Quan et al.'01]

http://dx.doi.org/10.1109/ACC.2001.946022


emgr � Empirical Gramian Framework (Version: 3.9, 02/2016)

Empirical Gramians:

Empirical Controllability Gramian

Empirical Observability Gramian

Empirical Linear Cross Gramian

Empirical Cross Gramian

Empirical Sensitivity Gramian

Empirical Identi�ability Gramian

Empirical Joint Gramians

Features:

Custom Solver Interface

Non-Symmetric Cross Gramian

Compatible with OCTAVE and MATLAB

Vectorized and Parallelizable

Open Source License (BSD 2-Clause)

More info at: gramian.de

gramian.de


Nonlinear Numerical Results (L2 ⊗ L2 Error)
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Distributed Empirical Cross Gramian

Empirical Cross Gramian:

ŴX =
M∑

m=1

∫ ∞

0

Ψm(t)dt ∈ RN×N

Ψm
ij (t) := 〈xmi (t), y jm(t)〉

Empirical Cross Gramian's k-th column:

⇒ ŴX ,∗k =
M∑

m=1

∫ ∞

0

ψmk(t)dt ∈ RN×1

ψmk
i (t) := 〈xmi (t), y km(t)〉



HAPOD � Hierarchical Approximate POD

HAPOD:

Rooted tree with ...

nodes representing PODs of ...

child nodes' PODs and ...

leafs of snapshots.

Provides:

Approximation error bound

Mode bound



Check Out Stephan's HAPOD Poster

HAPOD – HIERARCHICAL APPROXIMATE POD

Stephan Rave and Christian Himpe
stephan.rave@uni-muenster.de christian.himpe@uni-muenster.de

HAPOD – HIERARCHICAL APPROXIMATE POD

Stephan Rave and Christian Himpe
stephan.rave@uni-muenster.de christian.himpe@uni-muenster.de

Abstract

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER

Proper orthogonal decomposition (POD) is a widely-used model order reduction tech-
nique for the computation of surrogate reduced state spaces from given solution snapshot
data. However, performing a POD is often a computationally demanding task since the
complexity relates quadratically to the number of snapshots.
A nearby solution to overcome this limitation is to compute, when and where available,
PODs of subsets of the global snapshot set, and then to use the resulting POD modes

as input for an additional POD. We formalise this approach as “hierarchical approximate
POD” (HAPOD), allowing arbitrary trees of localized PODs, making HAPOD suitable for
distributed, heterogeneous compute environments.
As special cases of the HAPOD we consider a “distributed approximate POD” (DAPOD)
and a “rolling approximate POD” (RAPOD), for which we present numerical results for a
model reduction benchmark problem.

HAPOD – Hierarchical Approximate POD

HAPOD can be easily implemented on top of any existing POD code. Given a set S of snapshot vectors, we assume that POD(S, ε) computes the first N POD mode / singular value
pairs such that:

N = |POD(S, ε)| = min
N ′∈N

{( ∞∑

n=N ′+1

σ2n(S)
)1/2

≤
√
|S| · ε

}
= min

N ′∈N

(
1

|S|
∑

s∈S
‖s− Pspan{first N ′ POD modes}(s)‖2

)1/2

≤ ε

ρ

β1

γ1 γ2 γ3

β2

γ5 γ6

HAPOD Input:
γi : snapshot vectors Sγi
βi: outputs of child nodes
ρ: outputs of child nodes

Abstract Error Bound:
(

1

|S|
∑

s∈S
‖s− P (s)‖2

)1/2

≤
L∑

l=1

max
L(α)=l

√
Mα√
|Sα|
· ε(α)

HAPOD Output:
γi : POD(input, ε(γi)) scaled by singular values (pass input if ε(γi) = 0)
βi : POD(input, ε(βi)) scaled by singular values
ρ : POD(input, ε(ρ))

Abstract Mode Bound:

|HAPOD(S, ρ, ε)| ≤
∣∣∣∣POD

(
S,
√
Mρ√
|S|
· ε(ρ)−

L−1∑

l=1

max
L(α)=l

√
Mα√
|Sα|
· ε(α)

)∣∣∣∣

Choice of Error Tolerances:

ε(ρ) :=

√
|S|√
Mρ

· (1− ω) · ε∗, ε(α) :=

√
|Sα|√

Mα(L− 1)
· ω · ε∗

Error Bound:

(
1

|S|
∑

s∈S
‖s−P (s)‖2

)1/2

≤ ε∗

Mode Bound:

|HAPOD(S, ρ, ε)| ≤ |POD(S, (1− 2ω) · ε∗)|

DAPOD – Distributed Approximate POD

ρ

γ1 γ2 γ3 γ4 γ5

Choice of Error Tolerances: ε(ρ) =
√
|S|√
|Mρ|
· (1− ω) · ε∗, ε(γi) = ω · ε∗

RAPOD – Rolling Approximate POD

ρ

β1

β2

γ1 γ2

γ3

γ4

Choice of Error Tolerances:

ε(ρ) =

√
|S|√
|Mρ|

· (1− ω) · ε∗ ε(βi) =

√
|S|√

|Mβi · (L− 1)
· ω · ε∗

ε(γ1) =
1

L− 1
· ω · ε∗ ε(γi) = 0, i > 1

Benchmark Problem

Synthetic Parametric Model (See MORWIKI: http://modelreduction.org/index.php/Synthetic_parametric_model)

• linear time-invariant

• single-input

• affine-parametric

• dim(x(t)) := 105
•C := 1

• u(t) := δ(t)

• θ ∈ (0, 1]

• implicit RK1

• SDAPOD = {x(t; θ) | θ = k · 0.1, 1 ≤ k ≤ 10}
• SRAPOD = {x(t; θ) | θ = 0.5}

Get the Code

http://j.mp/morml16

DAPOD Numerical Experiment
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RAPOD Numerical Experiment
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Notation:

Sα : snapshots below α
Mα : POD modes at α
L : depth of tree

L(α) : depth of α
P : projection onto HAPOD

mode space at ρ
ω : parameter ∈ (0, 1/2)

• O(|S|
2)→ O(|S

| log(|S|)
)!

• Cloud-friedly!

• Bring-your-own-SVD!

•Overcome your RAM limitations!

• Simple parallelization!

•On-the-fly live data compression!

• Fast even when whole trajectory does not fit into RAM!



DAPOD � Distributed Approximate POD

DAPOD:

Flat tree

Tall and skinny partitioning



Distributed Direct Truncation

Distributed Empirical Cross Gramian:

W̃X = {ŴX ,∗Ki
|Ki ⊂ N,Ki ∩ Kj = 0,

⋃

i

Ki = 1 . . .N}

Distributed Approximate POD:

DAPOD(W̃X )



Linear Model Reduction Benchmark5

A�ne Parametric SISO System:

ẋ(t) = (A0 + Aθθ)x(t) + Bu(t)

y(t) = Cx(t)

x(0) = 0

System Dimensions:

dim(u(t)) = 1

dim(x(t)) = 104

dim(y(t)) = 1

dim(θ) = 1

5
See: MORwiki modelreduction.org/index.php/Synthetic_parametric_model

modelreduction.org/index.php/Synthetic_parametric_model


Linear Numerical Results (L2 Error & POD Time)
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Parallelization

3 Levels:

Distributed Memory:

−→ Distributed Empirical Cross Gramian

Explicit Shared Memory:

−→ �Observability�-Snapshots

Implicit Shared Memory / SIMD / GPU O�oad:

−→ �Gramian� Computation



Up Next

Non-Symmetric Cross Gramian6

Distributed Empirical Joint Gramian

Dynamic Mode Decomposition7 Hyperreduction

Balanced Gains8

6
We have a preprint: [H. & Ohlberger'15]

7
[Proctor et al.'15]

8
[Davidson'86]

http://arxiv.org/abs/1501.05519
http://dx.doi.org/10.1137/15M1013857
http://dx.doi.org/10.1049/el:19860362


tl;dl

Summary:

Combined State and Parameter Reduction

for Nonlinear Parametric Systems

Distributed Empirical Cross Gramian

utilizing the DAPOD

wwwmath.uni-muenster.de/u/himpe

Thanks!

wwwmath.uni-muenster.de/u/himpe

