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Disclaimer

1 This presentation is a guided tour through my PhD thesis:

“Combined State and Parameter Reduction
for Nonlinear Systems with an Application in Neuroscience”

2 There will be some system theory.
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Motivation |

m Connectivity Inference
m Large-Scale Networks

m From Measurements

Numerical Challenge:
m (Inverse Problem)
m High-Dimensional Parameter-Space
m Many-Query Setting
m High-Dimensional State-Space



Motivation Il

Neuroscientific Application:
m Dynamic Causal Modelling (DCM)

m Functional Neuroimaging Data
(i.e.. fMRI, fNIRS, EEG, MEG)

m Infer Connectivity of Brain Regions

m Controlled Excitation Experiments



Aim

m Combined

1 State-Space Reduction
> Parameter-Space Reduction

m Network Models

m Nonlinear Dynamics



Dual Approach

1 Gramian-Based Combined Reduction

m System-Theoretic Approach
m Mini Summary: “Treat parameters as states’

> Optimization-Based Combined Reduction

n Greedy Sampling Approach
a Mini Summary: “Parameter first, state later”
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Preliminaries

1 Dynamical Systems

2 Control Systems

s Model Reduction

« Reduced Order Model Quality

s Principal Axis Transformation



Dynamical Systems

Initial Value Problem:

x(t) = f(t, x(t))
x(0) = xo

Steady-State X:
f(t,x)=0

Local Linearization:

of ,_ :
A= 5(X) = x(t) ~ Ax(t)

= x(t) ~ ™



Control Systems |

General Time-Invariant Control System:
x(t) = f(x(t), u(t),0)
y(t) = g(x(t), u(t),0)
x(0) = xg

Linear Time-Invariant Control System:
x(t) = Ax(t) + Bu(t)
y(t) = Cx(t)
x(0) = xo



Control Systems |l

Symmetric System:
Ce*"B=(Ce"B)T < CA'B=(CA'B)T

Notation:
m Input Dimension: M := dim(u(t))
m State Dimension: N := dim(x(t))
m Output Dimension: @ := dim(y(t))
m Parameter Dimension: P := dim(6)



Model Reduction |

Figure: Full Order Model (FOM) and Reduced Order Model (ROM)
Typical Setting:
m dim(x(t))=N>1
m dim(u(t)) =M< N
mdim(y(t) = Q<N
mdim()=P>1



Model Reduction I

State-Space ROM:
x(t) = fr(x(t), u(t))

mdim(x.(t)) =:n< N
u Hy_)/rH <1



Model Reduction Il

Parametric State-Space ROM:
x(t) = fr(x(t), u(t),0)
yr(t) - gf(xf(t)7 U(t), 9)
Xr(O) = Xr0

m|ly(0) -y, (0)]| <1 VOe®O



Model Reduction Il

Parameter-Space ROM:
x(t) = fr(x(t), u(t), 0;)
y(t) = gr(x(t), u(t), 0;)
x(0) = xo

mdim(0,)=p< P
m|y(d)—y(0,)] <1l VoeO



Model Reduction V

Combined State and Parameter ROM:
x(t) = fr(x(t), u(t),0;)
ve(t) = & (x(t), u(t),0;)
Xr(o) = Xr0

n y(6) -y (6)] <1 e



Model Reduction VI

Projection-Based Model Reduction:

m State-space Galerkin Projection U € RM*™.
x, = U'x - x =~ Ux,

m Parameter-Space Galerkin Projection I € RP*P:
0, =076 — 6 ~ 16,



Model Reduction VII

Projection-Based ROM:
x(t) = UTf(Ux,(t), u(t),N6,)
yr(t) = g(Ux(t), u(t), N6,)
x,(0) = UTxg
0, =1T1170



Reduced Order Model Quality [Baur et al.'11]

Time-Domain Only!

State-Space Quality:
I¥lle, = \/ JCGIEE

Joint State- and Parameter-Space Quality:

1y (9) \/ / Iy (8)[2.d0

ly(O) e = sup [y (0)]]L,
fcO



http://dx.doi.org/10.1137/090776925

Principal Axis Transformation

Singular Value Decomposition:




Gramian-Based Combined Reduction

¢ State Reduction

2 System Gramians

s Empirical Gramians
« Parameter Reduction

s Combined Reduction



State Reduction [Francis'87, Antoulas'05]

Convolution Operator S:

y(t) =S(u)(t) = /OOO C At=7) Bu(7)dr

Hankel Operator H:


http://dx.doi.org/10.1007/BFb0007371
http://dx.doi.org/10.1137/1.9780898718713

System Gramians |

Gramian Matrix W(V):
Wi = (Vi, VJ>

System Gramians:
m Controllability Gramian (Matrix)
m Observability Gramian (Matrix)
m Cross Gramian (Matrix) <— Chimera!!

1Nut the ISD, but as versatile [H. & Ohlberger'15].


http://dx.doi.org/10.14293/P2199-8442.1.SOP-MATH.PSAHPZ.v1

System Gramians ||

Controllability Gramian W(¢:
WC = CC”

0
:/ et BBT ATt 4t € RVXN
0

— AW, + W-AT = —BBT



System Gramians Il

Observability Gramian Wp:
Wo =00

0
:/ At CTC At dt € RVN
0

= ATWp + WopA=—-CTC



System Gramians |1 [Fernando & Nicholson’83, Laub et al.'83]

Cross Gramian Wx (M < Q):
WX =CO

:/ At BC ™ dt € RNV
0

= AWx + WxA = —BC


http://dx.doi.org/10.1109/TAC.1983.1103195
http://dx.doi.org/10.1109/PROC.1983.12688

System Gramians V

Why System Gramians?

O','(H) = \/ )\,‘(Wc Wo)

agi(H) = |\i(Wx)| (for symmetric systems)



System Gramians VI [Moaveni & Khaki-Sedigh'06, H. & Ohlberger'15]

Non-Symmetric Cross Gramian W:
B = (b1 bM),

C=(a ... CQ)T,
Q

Wy = /0 TS b)Y ) e e

g=1


http://dx.doi.org/10.1109/SICE.2006.314989
http://arxiv.org/abs/1501.05519

System Gramians VI [Laub et al’87, Sorensen & Antoulas'02]

Balanced Truncation (Classic Squareroot Method):

W Cholesky LclT,  Wo Cholesky Lol
— Lell, "2 ubv
0= (o )
— T
()
Direct Truncation (Approximate® Balancing):
Wx 2 UDV
— U = (Ul U2)

—>V1:Uir


http://dx.doi.org/10.1109/TAC.1987.1104549
http://dx.doi.org/10.1016/S0024-3795(02)00283-5

Empirical Gramians |
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Technique. In Proceedings of the 27th IEEE Conference on
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Reduction of Controlled Nonlinear Systems. In Proceedings of
the 14th IFAC Congress, volume F, pages 473-478, 1999.
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Empirical Gramians I [Fernando & Nicholson’85, Shaker'12, Baur et al.'16]

Empirical Linear Cross Gramian W:

W, :/ et BC At dt
0
:/ (e** B) (et CT)Tdt
0

_ /OOO «(£)(z(£))Tdt

With:
] X(t) - state trajectoy
[ Z(t) - adjoint state trajectory


http://dx.doi.org/10.1109/TCS.1985.1085737
http://dx.doi.org/10.1109/ICIEA.2012.6360824

Empirical Gramians Il [Streif et al'06, H. & Ohlberger'14]

Empirical Cross Gramian Wx:

Wx=>" /OO wm(t)dt € RV
UI(t) = (1), (1))
With:

[ Xm(t) - state trajectoy for m-th perturbed input component

n yj(t) - output trajectory for j-th pertubed initial state component


http://hdl.handle.net/2268/130730
http://dx.doi.org/10.1155/2014/843869

Parameter Reduction | [Grewal & Glover'76, Singh & Hahn'05, Geffen et al.'08]

Augmented System:

(- (vos0)
y(t) = g(x(t), u(t),0)


http://dx.doi.org/10.1109/TAC.1976.1101375
http://dx.doi.org/10.1021/ie040212v
http://dx.doi.org/10.1109/ACC.2008.4586807

Parameter Reduction Il [H. & Ohlberger'14]

(Empirical) Joint Gramian
- Cross Gramian of Augmented System:

([ Wx Wy
WJ_(Wm W9>

Uncontrollable Parameters:
W, =0
Wy =0


http://dx.doi.org/10.1155/2014/843869

Parameter Reduction Il [H. & Ohlberger'14]

Schur-Complement of Wj (Cross-Identifiability Gramian):
1
Wi :=0— 5WA;(WX + W)Wy

Wi encodes the “observability” of parameters.

Parameter Projection as Principal Components:
W °ZL Nan — = (N )


http://dx.doi.org/10.1155/2014/843869

Combined Reduction [H. & Ohlberger'14]

State-space projection:

Wy 2P U,y V4

Parameter-space projection:

/RS WYY

Cross-Gramian-Based Combined Reduction:
x(t) = U] f(Uyx,(t), u(t), M6,)
v (t) = g(Urx(t), u(t), M:0,)
x(0) = Ul x
6, =0


http://dx.doi.org/10.1155/2014/843869

Optimization-Based Combined Reduction

1 Parameter Reduction

» State Reduction

s Combined Reduction

« Data-Driven Regularization

s Nonlinear Systems



Parameter Reduction | [Bui-Thanh et al.'0g]

Parameter-Space Projection:
i—1

nzeouo(e,-m(ugj)l)

i=1 j=0

lterative Parameter Base Assembly:
My = {M U (N7}


http://dx.doi.org/10.1137/070694855

Parameter Reduction Il [Bui-Thanh et al.'08]

Greedy Selection of Next Parameter Base Component:

0141 = argmaxgeq [[¥(0) — v (O:)IIZ,

Properties:
m 01 # 0
w [ly(0) =y (M52 0)l|, < lly(8) — y(MN]6) .,


http://dx.doi.org/10.1137/070694855

Parameter Reduction Il [Elden'77]

Tikhonov (Ly) Regularization Operator:
R, = Ba]l0I3

Regularized Greedy Selection:
0141 = argmaxyep ||y (0) — yr(9r)|\%2 — R,


http://dx.doi.org/10.1007/BF01932285

State-space projection:

U, = @3(x(80)) U U (@1x(6) 0 ({J @1(x(0) )

Jj=0



State Reduction Il [Sirovich'87]

Input-to-State-Based State-Space Reduced Basis Assembly:

Ur = {Ur U (POD1(x(6:)) N Uj")}


http://www.researchgate.net/profile/Lawrence_Sirovich/publication/242630710

State Reduction Il

State-to-Output-Based State-Space Reduced Basis Assembly:

U1 = {U; U (PODy(2(6))) N U;)}



State Reduction [ [willcox et al.05]

Input-to-Output-Based State-Space Reduced Basis Assembly:

U1 = {Uy U (bPOD1(x(6))) N U;)}


http://dx.doi.org/10.1109/CDC.2005.1582499

Combined Reduction |

Greedy-Sampling-Based Reduction for Inverse Problems:

m T. Bui-Thanh, K. Willcox, and O. Ghattas. Model Reduction for
Large-Scale Systems with High-Dimensional Parametric Input Space.
SIAM Journal on Scientific Computing, 30(6):3270-3288, 2008.

m O. Bashir, K. Willcox, O. Ghattas, B. van Bloemen Waanders, and J.
Hill. Hessian-based model reduction for large-scale systems with
initial-condition inputs. International Journal for Numerical Methods in
Engineering, 73(6):844-868, 2008.

m C.E. Lieberman, K. Willcox, and O. Ghattas. Parameter and State
Model Reduction for Large-Scale Statistical Inverse Problems. SIAM
Journal on Scientific Computing , 32(5):2523-2542, 2010.

m C.E. Lieberman, K. Fidkowski, K. Willcox, and B. Van Bloemen
Waanders. Hessian-based model reduction: large-scale inversion and
prediction. International Journal for Numerical Methods in Fluids ,
71(2):135-150, 2013.

m D. Galbally, K. Fidkowski, K. Willcox, and O. Ghattas. Non-linear model
reduction for uncertainty quantification in large-scale inverse problems.
International Journal for Numerical Methods in Engineering ,
81(12):1581-1608, 2010.
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Combined Reduction Il [H. & Ohlberger'15]

Optimization-Based Combined Reduction:

1 80(—9_

2 I'Io<—00

3 Uo%q)l(X(eo))
g forl=1...p

5 0 < argmin —||y(0) — yr(er)”%z + 52110113
6 I, + Orth(n/_1,¢9/)
7 U < orth(U;_1, ®1(x(6))))


http://dx.doi.org/10.1007/s10444-015-9420-5

Combined Reduction Il ie.: [Buhr et al."14]

Re-lterated Gram-Schmidt:
1 QTR=1
2 b+ 0

3 while b < ¢
4 viv—Q(QTv)

5 b+« |v]>
6 v« bty

7 Q%(Q V)


arxiv.org/abs/1407.8005

Data-Driven Regularization [H. & Ohlberger'15]

There is data y, for an inverse problem. Use it.

Data Mismatch as Regularization:
Ra = Ballya — y(O)IIZ,

Extended Cost Functional:
J = ly(8) = y: (0117, — B21l613 — Bally(0) — yallZ,


http://dx.doi.org/10.1007/s10444-015-9420-5

Nonlinear Systems [Kunisch & Volkwein'02]

Prerequisites:

m Nonlinear Optimization
m POD-Based State Reduction

Combined State and Parameter ROM:
x(t) = U F(Ux,(t), u(t), M406,)
v (t) = g(Urx(t), u(t), M:0,)
x(0) = Ul xo
6, = M0


http://dx.doi.org/10.1137/S0036142900382612

Software Implementation

Design Principles

fuy

Inverse Lyapunov Procedure

N

3 emgr - Empirical Gramian Framework
4 Optmor - Optimization-Based Model Order Reduction

s Nonlinear Benchmark



Design Principles

m Programming Language & Compatibility
s OCTAVE: Open-Source
s MATLAB: Quasi Standard

m Guided By:

m Language Best Practices: [Johnson'11]
m Performance Guidelines: [Altman'15]

m Availability for Replicability
m Configurability for Reproducibility
m Modularity for Reusability


http://dx.doi.org/10.1017/CBO9780511842290
http://www.worldcat.org/search?q=9781482211306

Inverse Lyapunov Procedure [Smith & Fisher'03]

m Generate Random Systems

m Doing Balanced Truncation Backwards
(Sample W and Wo, solve for A)

m Linear Parametrization
m Verification and Validation of Implementations
m Procedural Benchmark in the MORwiki


http://dx.doi.org/10.1109/ACC.2003.1243494
http://modelreduction.org

emgr — Empirical Gramian Framework (version: 3.9, 02/2016)

Empirical Gramians:

Empirical Controllability Gramian
Empirical Observability Gramian
Empirical Linear Cross Gramian
Empirical Cross Gramian
Empirical Sensitivity Gramian

Empirical Identifiability Gramian
m Empirical Joint Gramian (4 Empirical Cross-ldentifiability Gramian)

Features:

Optional Non-Symmetric Cross Gramian (!)
Custom Solver Interface

Compatible with OCTAVE and MATLAB
Vectorized and Parallelizable

Open Source License (BSD 2-Clause)

More info at: gramian.de


gramian.de

optmor — Optimization-Based Model Order Reduction (Version: 2.5, 02/2016)

Capabilities:

m lterative Greedy Parameter-Space Sampling
POD-Based State-Space Projection
Tikhonov Regularization
Data-Driven Regularization
Re-Iterated Orthogonalization

Features:

Custom Optimizer Interface

Custom Solver Interface

Compatible with OCTAVE and MATLAB
Vectorized and Parallelizable

Open Source License (BSD 2-Clause)

More info at: github.com/gramian/optmor


github.com/gramian/optmor

Nonlinear Benchmark | [Chen'99, Condon & Ivanov'04]

|—N
OF ¥ 7

Wit

TT

I

_|

Figure: Nonlinear Resistor-Capacitor Cascade

SISO System

Nonlinear Resistors (Diodes)

Parametrization of Linear Resistors
Procedural Benchmark in the MORwiki

Here: N = P =100


http://dx.doi.org/10.1007/s00332-004-0617-5
http://modelreduction.org

Nonlinear Benchmark |l

L> ® L»-Norm, Gramian- vs. Optimization-Based:




Nonlinear Benchmark |1l

n = p, Offline Timings, Gramian- vs. Optimization-Based:
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An Application in Neuroscience

1+ Neuronal Networks

Dynamic Causal Modelling

s fMRI & fNIRS Dynamic Causal Model
« EEG & MEG Dynamic Causal Model

Bayesian Inference

N

o1



Neuronal Networks [Quan et al.'01]

Adjacency Matrix A:
m Square
m Represents weighted, directed finite graph

m A Connection from j-th to i-th region

Hyperbolic Network Model:
x(t) = Atanh(Kx(t)) + Bu(t)
y(t) = Cx(2)


http://dx.doi.org/10.1109/ACC.2001.946022

Dynamic Causal Modelling | [Friston et al.03]

Concept:
m Two Component Model

1 Network Submodel (Dynamic Submodel)
2 Observation Submodel (Forward Submodel)

m Connectivity Parametrization
m SIMO Models (Effective Connectivity)

m Bayesian Inference


http://dx.doi.org/10.1006/nimg.2001.1044

Dynamic Causal Modelling Il

o —

2 p——-_t—p¥




fMRI & fNIRS DCM | [Friston et al.'03, Stephan & Friston’07]

Network Submodel (Taylor Series):

(1) = F(x(2). (1), 6)
< £(0.0,0) + Dx(t) + Tou(t)

= Ax(t) + Bu(t)

Parametrization A:
A(f) = vec ' () = # € RVN


http://dx.doi.org/10.1006/nimg.2001.1044
http://dx.doi.org/10.1007/978-3-540-71512-2_10

fMRI & fNIRS DCM I [Friston'02, Friston et al.’03, Kamrani et al.'12]

Observation Submodel (for the i-th region):
5(8) = x(8) — ms() — (5(1) ~ 1)

fi(t) = si(t)

() = ~(6(1) — w()})

a(6) = 2R = (L= ) = () (1)
(1) = Volka(1 = a(8)) + (1 = (1))


http://dx.doi.org/10.1006/nimg.2001.1044
http://dx.doi.org/10.1006/nimg.2001.1044
http://dx.doi.org/10.4236/ojmi.2012.24024

fMRI & fNIRS Dynamic Causal Model Il

Joint Dynamic and Forward Model for k Regions:
(dim(x(t)) = dim(s(t)) = dim(f(t)) = dim(v(t)) = dim(q(t)) = dim(y(t)) = k)

x(t) A(0)x(t) + Bu(t)

$(t) x(t) = rs(t) — y(f(t) — 1x)

f(t) |= s(t)

v (t) . F(F(8) = v(t)?)

q(t) LAF(O)(Le— (1= p) T)) — v(1)a 71 © q(t))



EEG & MEG DCM [David et al.’05, David et al.'06, Moran et al.'07]

Joint Dynamic and Forward Model for k Regions:
(dim(x(t)) = dim(v(t)) = 5k, dim(y(t)) = k)

(igg):(— T20® 1y —zisé 13(&3)*(2) En(Acv(t))wL’:—:(6;?1“ ® T u(t)

y(t) = Lx(t)
Beyile 0 0 0 0
0 ey, 0 0 0
A=] 0 0 EA@)+ul) 0 0
0 0 0 eyl 0
0 0 0 0 sl


http://dx.doi.org/10.1016/j.neuroimage.2004.12.030
http://dx.doi.org/10.1016/j.neuroimage.2005.10.045
http://dx.doi.org/10.1016/j.neuroimage.2007.05.032

Bayesian Inference

Bayes' Rule:
P(y4|0)P(6)
P(ys)

Data Model Assuming Gaussian Noise:
yva = y(0) + N(0, v)

P(0]yq) =

MAP Estimate:
1 1
P(6lya) ox exp (= 5 1y(6) = yall>1 — 5116 = puoll? )
2 T 2 )

: 1 1
— Omap = argming_pp (2“(9) - Yd||§—1 + 110 — M9”i1>
ve 2 0



Numerical Results

fuy

Experimental Setup

Hyperbolic Network Model

s fMRI & fNIRS Dynamic Causal Model
« EEG & MEG Dynamic Causal Model

s Combined Reduction for Inverse Problems

N



Experimental Setup

Models (Nonlinear + Linearized):
1 Hyperbolic Network Model
2 fMRI & fNIRS Dynamic Causal Model
3 EEG & MEG Dynamic Causal Model

Methods:
1 Gramian-Based Combined Reduction

2. Optimization-Based Combined Reduction

Measures:
m >, ® Lr-Norm
m (L ® Loo-Norm)
m Offline Time



Hyperbolic Network Model |

Nonlinear Model:
x(t) = Atanh(K(0)x(t)) + Bu(t)
y(t) = Cx(t)

Linearized Model:

X

—~~
~

)

y(t)

AK(9)x(t) + Bu(t)
Cx(t)

System Dimensions:
mM=Q=1
m N =100
m P =100



Hyperbolic Network Model Il

Nonlinear Model, Ly ® L>-Norm, Gramian- vs. Optimization-Based:




Hyperbolic Network Model Ill

Linearized Model, Ly, ® L>-Norm, Gramian- vs. Optimization-Based:




Hyperbolic Network Model Ill]

n=p, Ly ® Lr-Norm, Gramian- vs. Optimization-Based:
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Hyperbolic Network Model V

Offline Timings, Gramian- vs. Optimization-Based:

Linearized Nonlinear
Linearized Nonlinear

0 10 20 30 40 50 60 70 80 90 0 1000 2000 3000 4000 5000 6000 7000 8000
[s] [s]



fMRI & fNRIS Dynamic Causal Model |

Properties:
m Linear Network Submodel

m Highly Nonlinear Observation Submodel

System Dimensions (k = 16 Regions):

mM=1
mQ =k
m N =5k=280

m P = k=256



fMRI & fNRIS Dynamic Causal Model Il

Nonlinear Model, Ly ® L>-Norm, Gramian- vs. Optimization-Based:




fMRI & fNRIS Dynamic Causal Model Il

Linearized Model, Ly, ® L>-Norm, Gramian- vs. Optimization-Based:




fMRI & fNRIS Dynamic Causal Model Il

n=p <80, Ly ® Lr-Norm, Gramian- vs. Optimization-Based:
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fMRI & fNRIS Dynamic Causal Model V

Offline Timings, Gramian- vs. Optimization-Based:

Linearized Nonlinear
Linearized Nonlinear

0 50 100 150 200 250 300 350 400 0 10000 20000 30000 40000 50000 60000 70000
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EEG & MEG Dynamic Causal Model |

Properties:
m Nonlinear Second-Order Network Submodel

m Linear Observation Submodel

System Dimensions (k = 16 Regions):
mM=1
mQ =k
m N =10k =160
m P =k?=256



EEG & MEG Dynamic Causal Model Il

Nonlinear Model, Ly ® L>-Norm, Gramian- vs. Optimization-Based:




EEG & MEG Dynamic Causal Model Il

Linearized Model, Ly, ® L>-Norm, Gramian- vs. Optimization-Based:




EEG & MEG Dynamic Causal Model Il

n=p <160, Ly ® Lo-Norm, Gramian- vs. Optimization-Based:
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EEG & MEG Dynamic Causal Model V

Offline Timings, Gramian- vs. Optimization-Based:

Linearized Nonlinear
Linearized Nonlinear
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Combined Reduction for Inverse Problems |

FOM, Gramian-Based ROM, Optimization-Based ROM and
Data-Driven Optimization-Based ROM Inversion of fMRI Data:

-0.002

000 b— T g0 4 0.004
0 5 o 5 E 20 o



Combined Reduction for Inverse Problems Il

fMRI & fNIRS Gramian-Based Optim.-Based Optim.-Based
DCM FOM ROM ROM ROM (DD)
Parameter Dim. 256 40 24 24
Output Error | 0.01 0.01 0.01 0.01
Parameter Error 0.25 0.25 0.25 0.25
Offline Time - 381s 11957s 9774s
Online Time | 1447s 488s 233s 226s
Single Total Time | 1447s 869s 12190s 10000s
Multi Breakeven - 1 10 8
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Summary

m Combined State and Parameter Reduction:

1 Gramian-Based Combined Reduction v/
2 Optimization-Based Combined Reduction v/

m Nonlinear Systems v/
m Reduced Order Dynamic Causal Models v/

m Reduced Inverse Problem v



Abstract Comparison

Gramian-Based

Optimization-Based

State-Space | Input-to-Output
Parameter-Space | State-to-Output

Sampling Strategy Sparse
Assembly Direct
Associated Norm |- || oL,

Complexity M+ N+ P

Input-to-State
Input-to-Output
Adaptive
Iterative

(IR =Y.
(p—1)(P+1)+1



Relative Error
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Outlook

Gramian-Based:
m Hyper-Reduction (EIM/DEIM, DMD/DMDC/IODMD)
m Kernel Methods (RKHS)
m Parallelization (Distributed Memory, GPU)

Optimization-Based:
m L;-Regularization (Elastic Net)
m Derivative Information (AD, W)

Application-Wise:
m Complex Networks
m Time-Varying (Nonlinear Parametric) Systems



Concluding Remarks

m Both methods work for nonlinear systems
m Empirical gramians are faster and easier

m Reusable software is available



tl;dl

m Empirical-Cross-Gramian-Based
m Greedy-Sampling-Optimization-Based
m Combined State and Parameter Reduction

m Dynamic Causal Models

wwwmath.uni-muenster.de/u/himpe

Thanks!


wwwmath.uni-muenster.de/u/himpe
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