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@@ Koopman Operator

Nonlinear Difference Equation:

Tp1 = f(z)
m State: z: N — RV

m Transition Function: f:RY — RV

Observable 1 : RV — R”:

Koopman Operator K:
U(@pe1) = 0(f(ar)) = K (zy)
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@ Koopman Properties

B fe(C>®=dK.
m [C evolves the observable trajectory in time.
m [ is linear (!)

m K is (countably) infinite-dimensional.
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@@ Koopman Approximation

Given State Trajectory Data:

X = [.2171,1'2,...,377“] € RNXT

Partition as:

XO = [iL‘l, Ce ,I’T_l] € RNX(T_l), Xl = [1’2, Ce ,iL'T] S RNX(T_l)

Koopman Operator Approximation:

V(Thi1) = Kp(a)
= K=~ arglr(nin [W(X1) — KU(Xo)| + Al K]

\IJ(X) = (w(X*,l) ce ¢(X*,end))
For || - |lpwo this is Dynamic Mode Decomposition (DMD).
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’\4}!@ A Class of Nonlinear Input-Output Systems

Discrete Control-Affine Input-Output System:

Tr1 = f(zn) + g(op)ur
Yk = h(wy)

m Discrete Time: k € N

m Input: uy, : N — RM

m State: z;, : N - RV

m Output: y; : N — R9

m State Transition Function: f: RY — RV
m Input Transition Function*: g : RY — RV
m Output Functional: h: RY — R?
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@@ Observables

Example Observable:

Assumption:
yp € span{t(xy) : k € N} = 3L, € ROy = Ly(ay,)

Note:
m The observable is generally not the output functional ¢ # h!
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@@ Koopman Observability Gramian

Initial-State-to-Output Mapping:
yr = Liap(x) = LpKap(wp—1) = - -+ = LpKFep()

Koopman Observability Operator:

k
Ok (x)(k) == LpK*z = O (2)(k) = > _(LpK')" 2
1=0
Koopman Observability Gramian:

Xo 1= 050 = > (LK) LK € RP*P
1=0
Projected Koopman Observability Gramian:

Xo == PoXoPl e RVN Py: My c R =RV
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@ Example: Linear System

Discrete (Finite-Dimensional) Linear System:

Tpy1 = Axy
yr = Cay
Koopman Operator, Observable, and Adapter:
K=A
Y =1y
L,=C
Po =1y

Associated Koopman Observability Gramian:

Xo =) (CAHTCA' =W,
=0
which is equal to the common discrete observability Gramian!
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@@ Koopman Operator for Input and Control

Observable ) : RN x RM — RP:

Koopman Operator K:

~ A A

Y(Tpg1, urr1) = Kb (g, up,)

Assumption & Lemma 4:
G(Thi1, unr) = Y1, 0) = Kib(an, up)
= V(T ) = K () + Kuthu (ur)
= Y(Tp11) = ’Cl;(afk, uy;)
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@@ Koopman Controllability Gramian

Input-to-State Mapping:

k
T — E lCllCuul
=0

Koopman Controllability Operator:
k
Cre(u)(k) =Y KMy = Ci(x) (k) = (KFK.)x
1=0
Koopman Controllability Gramian:

Xo=CCr = > K'Ku(K'K,)" € RPF
1=0
Projected Koopman Controllability Gramian:

Xo = chchgf c RNXN, Po: Mg C RF — RN
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@ Example: Linear System

Discrete (Finite-Dimensional) Linear System:

Tpt1 = Az + Buy

Koopman Operator, Input Koopman Operator, Observable:

K=A
K,=B8B
Y =1y
Po=1n

Associated Koopman Controllability Gramians:

oo
Xo =Y ABA'B)T =W,
=0
which is equal to the common discrete controllability Gramian!
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@@ Projection-Based Model Reduction

Given bi-orthogonal truncated projections:
U e RV Vv e RN VU, =1

Linear Reduced Order Model:
Ty 1 = (ViAU) 2, + (ViB)uy
g = (CU)xpp

Nonlinear Reduced Order Model:

Tpk+1 = Wf(ler,k7 uk)
gk - g(ler,k)
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‘\ @ Reminder: Discrete Balanced Truncation

Discrete Controllability Operator & Discrete Observability Operator:
k
C(u)(k) == ZAk_lBuk, O(z)(k) := C Az

1=0
Discrete Controllability Gramian & Discrete Observabilty Gramian:
WC = CC* Z 0, WO =00 Z 0

Balancing Transformation & Truncation:
3 3 SVD .
1 _1
—U=WETD 2, V =DT*W,?
= Ui =Us1.ny, Vii=Viins Djj>Djy4
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@@ Koopman Balanced Truncation

Koopman Controllability & Observability Operator:
k
Cre(u)(k) :=> K"Ky, Ok(x)(k) = LKz

=0

Projected Koopman Controllability & Observability Gramian:

emma 5 Lemma 2

L
XC = PC}CC,*CPT Z 0, XO = POI*CO)CPT 2 0

Balancing Transformation & Truncation:
1 1 svp X
XiXoX2 = TDT
1 _1
—~U=X2TD™ 2, V=D:T"X_*
— Uy =Ustn, Vi =Viine Dj;>Djgn
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@’@ Koopman Singular Values

(Classic) Discrete Hankel Operator & Global A-Priori Error Bound:

N
H:=0OC, Un+1(H) < HG_ GT”H(X; <2 Z Uz(H)
1=n-+1
Koopman “Hankel” Operator:

Hy = OxCx

Balanced-Truncation-like Error Indicator:

N
oni1(H) SIG = Gollua, $2 ) oi(Hx)
i=n+1

For linear systems the classic error bound emerges!
Also, a linear(ized) realization, i.e.: (K, Ky, Ly), can be used.
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m Koopman Gramians are a generalization:
linear systems reduce to linear Gramians.

m How to obtain L, generally?
m How to obtain Py, Po generally?
m Can this be extended to zy 1 = f(xg, ug)?

m Are Koopman Gramians actually
discrete empirical Gramians with kernels?

E. Yeung, Z. Liu, N.O. Hodas. A Koopman Operator Approach for Computing and
Balancing Gramians for Discrete Time Nonlinear Systems. arXiv, cs.SY: 1709.08712,
2017. http://arxiv.org/pdf/1709.08712.pdf
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