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Optimal Sensor Location

Given an ODE system (i.e. a spatially discretized PDE):

ẋ(t) = f(x(t))

With xi(t) describing the temporal evolution

of a discrete location xi.

Where on x does one place sensors,

so a small number suffices to identify x ∈ RN?
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Sensor Encoding

Sensor output:

y(t) = Cx(t)

Given Q ≥ 1 sensors.

(Projected) Permutation matrix C ∈ PQ×N .

Each C represents a sensor configuration.

Example:
(
0 0 0 1 0

)
.

Q = 1 sensor at position x4, x ∈ R5.
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Linear Observability

Linear System:

ẋ(t) = Ax(t)

y(t) = Cx(t)

Observability Operator:

O(x0)(t) := C eAt x0

Observability Gramian:

WO := O∗O =

∫ ∞
0

eA
ᵀtCᵀC eAt dt ∈ RN×N

⇔ AᵀWO +WOA = −CᵀC

C. Himpe Optimal Sensor Placement for Nonlinear Systems 4/12



Observability Measures

µ0(WO) := rank(WO)

µ1(WO) := λmin(WO)

µ2(WO) := λmax(WO)

µ3(WO) := tr(WO) =
∑N

i=1 λi(WO)

µ4(WO) := tr(W−1
O ) =

∑N
i=1 λ

−1
i (WO)

µ5(WO) := log
(

det(WO)
)

=
∑N

i=1 log(λi(WO))

µ6(WO) := cond(WO) = λmax(WO)
λmin(WO)

etc.
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Optimal Sensor Placement

Note:

WO : PQ×N → RN×N

Optimization Problem:

C0 = arg max
C∈PQ×N

µ∗(WO(C))

Which C ∈ PQ×N maximizes observability?

Discrete Optimization → Integer Programming
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From Linear to Nonlinear

Reminder:

WO =

∫ ∞
0

eA
ᵀtCᵀC eAt dt

=

∫ ∞
0

(eA
ᵀtCᵀ)(eA

ᵀtCᵀ)ᵀ dt

z(t) = eA
ᵀtCᵀ is impulse responses of adjoint system.

Impulse responses can be computed empirically.

Generally, only linear adjoint system accessible.
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Empirical Observability Gramian

Nonlinear System:

ẋ(t) = f(x(t))

y(t) = Cx(t)

Empirical Observability Gramian:

ŴO =
1

|Sx|

|Sx|∑
l=1

1

d2l

∫ ∞
0

Ψl(t) dt ∈ RN×N

Ψl
ij(t) = (yli(t)− ȳli)ᵀ(ylj(t)− ȳlj) ∈ R

yli is the output for the initial condition
with l-th perturbation of i-th component
For linear systems: ŴO = WO
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Parameter Identifiability

Parametric System:

ẋ(t) = f(x(t), θ)

Augmented System:(
ẋ(t)

θ̇(t)

)
=

(
f(x(t), θ(t))

0

)
Augmented (Empirical) Observability Gramian:

Ŵ+
O =

(
WO WM

W ᵀ
M WP

)
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Notes

May become mixed integer optimization.

May be combined with genetic algorithms.

May be adapted for unknown number of sensors.

Acceleration of ŴO computation possible.

Try: emgr - EMpirical GRamian Framework
(Version 5.4), 2018. http://gramian.de
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Summary

Maximize observability for optimal sensor placement.

Computable approximately for nonlinear systems.

(Maximize controllability for optimal actuator placement.)

http://himpe.science
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