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@ Motivation

Oz
ot

m Generally: 0 = f(t,x,2,%,...)
m Reminder: Higher order systems reduce to first order systems
m Here: Only explicit first-order form
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& @ Initial Value Problems (IVP)

o(t) = f(t, x(t)), x(to) = w0

m Opposed to: Boundary value probelms (BVP)
m Generally: discretize time and iterate
m Methods: Taylor series, numerical quadrature, finite differences
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@ Solvability

lx

m Fundamental theorem of analysis
m Picard-Lindelof theorem
m Peano theorem
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@ Taylor Series

:E(tk + h) = x(tk) +h :Ij(tk) + %ij(tk) + O(h?’)

m At time t;, advance h.
m Essential for error anaylsis.
m Can be used to derive higher order methods.
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@ Numerical Quadrature

tr.+h N

z(ty + h) = f(s,x)ds~h Z wif(tn, )
n=1

ty

m How to choose h?
m What are “"good” sets triples (wy, tn, 25)?
m What would the simple Riemann integration look like?
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& @ Finite Difference |

e L)

= x(ty + h) = x(ty) + h - f(te, x(tr))

m Explicit Euler Method.
m Explicit means (¢ + h) in terms of x(t).
m Equivalent to left-hand Riemann sum.
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& @ Finite Difference Il

= gj(tk) = :U(tk — h) +h 'f(tk7 x<tk))

m Implicit Euler Method.
m Implicit means z(t) in terms of z(t).
m Equivalent to right-hand Riemann sum.
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m Are we done here?

m Just use smaller time-steps?
m No: Error decay!

m Think: Polynomial interpolation!
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Trki1 =X+ h Z b,z

n=1
S
Zy = f(tk +he,, xip+h E anmzm>
m=1
Butcher Tableau:
C1 ail ai12 ai1s
C2 | a1 a2 ... 4328
cs | asy as2 ... Qgss
by by ... bs
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@ Prominent Methods

m 2nd Order:

m Collatz (modified Euler, explicit midpoint)
= Heun (improved Euler, explicit trapezoidal)
= Ralston (explicit, minimum local error)
= Implicit midpoint (symplectic)
» Crank-Nicholson (implicit trapezoidal)
= 3rd Order:
= Kutta (explicit)
= Heun (explicit)
= Ralston (explicit, minimum local error)
= Simpson's rule (explicit)
m 4th Order:

m Classic Runge-Kutta (explicit)
= 3/8-Rule (explicit)
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@ Multi-Step Methods

R R
> viwrir=h Y urf(tese o)
—0 =0

m Needs single-step method for initial step(s).
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@ Prominent methods

m Adams-Bashforth (explicit)

m AB2 used to be a standard method for engineers.
m Maximum order s for s steps.

m Adams-Moulton (implicit)

m Maximum order s 4+ 1 for s steps.
m Maximum order 2 for A-stable methods.

m Nystrom (explicit)

m Maximum order s for s > 1 steps.
= Milne-Simpson (implicit)

m Minimum order 4 for s > 1 steps.
m Backward Differentiation (implicit)

m aka Gear's method.
m Maximum order 6.
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& @ General Linear Methods (GLM)

S R
o =h Y apef (te, ) + Y ugea)”!
(=1 (=1

S R
o =h Y bpef(te,we) + ) vper)
(=1 (=1

m Single-Step methods (R = 1)
m Multi-Step methods (S = 1)
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@v@ Stability Regions

Apply GLM method to Dahlquist’s test equation:
y=ay
ex. Euler Lk z:=ha
— Y= (1+ha)y — R(z):=1+z2
— A={ze€C:|R(2)| <1}

A w N B O BN © A
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Figure: Stability regions (yellow) for explicit and implicit Euler methods.
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@ Core Properties

m Truncation Error

m Local: Error after a single step
m Global: Error after many steps

m Consistency

z(tp+h)—x(ty)
h

. : h—0
m Consistent if | —zp| S0

m Discretization error

m Convergence
m Convergence if max(|xy — x(t)]) "300
m Approximation error

m Stability

m Numerical errors are not magnified.
m Dahlquist theorem: Convergence = Consistency & Stability
= Complexity

m Linear problems: flops
m Nonlinear problems: vector field evaluations (here: stages & steps)
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@ Stability Alphabet

m A-Stability
R(z) <1V¥ Re(z) <0
B-Stability
ok — 2kl < l2e—1 — 2zp—all
D-Stability / 0-Stability
k]| < M[zoll
G-Stability
ek — 2kllE < lok—1 — 261l
|-Stability:
R(z) <1V Re(z) =0
L-Stability:
A-stability & lim, ,~ R(z) = 0 (stiffly accurate)
m L,-Stability / Strong Stability
[@rtall < [kl
m and more: Energy-Stability, C-Stability, P-Stability, Q-Stability, ...
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@ Other Properties

m Natural Continuous Extension
Existence of polynomials to interpolate in between time steps.

® Minimum Error
Methods with free parameter optimized to yield minimum local error.

(Pseudo-)Symplectic / (Pseudo-)Energy-Preserving
R(z)R(—2) =1

Stiffly Accurate
lim, , R(2) = 0.

m and more Passive, Positive, Lossless, ...
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@ Adaptive & Embedded Methods

m Adaptivity:

Adjust time-step based on error of two methods of consecutive order.
m Embedding:

Use same sampling points and weights for both methods.

C1 ail a1 c als
Co asy a9 c ass
¢Cs | as1 asz2 ... 04gg
b1 b2 . bg
by by ... bs
Examples:
m Euler

m Heun-Euler (1,2)
m Runge-Kutta-Fehlberg (RKF45)
m Block, Vectorized (7,8) pair (BV78)
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Bt) = sty + f(ta(0)

linear, stiff nonlinear, nonstiff

Solve linear part implicitly, nonlinear part explicitly.

Same order implicit Runge-Kutta and explicit Runge-Kutta.
Extra constraints for overall Runge-Kutta compliance.

Gas networks: First-order IMEX! (non-RK?).

1S. Grundel and L. Jansen. Efficient simulation of transient gas networks using IMEX integration schemes and MOR
methods. In 54th IEEE Conference on Decision and Control: 4579-4584, 2015. doi:10.1109/CDC.2015.7402934
U.M. Ascher, S.J. Ruuth, and R.J. Spiteri. Implicit-explicit Runge-Kutta methods for time-dependent partial differential
equations. Applied Numerical Mathematics, 25(2-3): 151-167, 1997. doi:10.1016/80168-9274(97)00056-1
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@ Method Zoo

m Diagonally Implicit Runge-Kutta method (DIRK)
Efficient implicit methods (see also SDIRK, PDIRK).
m Predictor-Corrector Methods:
Use explicit method (predictor) to solve implicit method (corrector).
m Total Variation Diminishing (TVD) Runge-Kutta:
Treat Gibbs phenomenon of hyperbolic PDEs (see also [W]ENO).
Gauss-Legendre Methods:
Implicit Runge-Kutta of maximal order 2s for s stages.
Radau Methods:
Implicit Runge-Kutta of order 2s — 1 for s stages for stiff problems.
Lobatto Methods:
Implicit Runge-Kutta of order 2s — 2 for s stages for DAEs.

= Runge-Kutta-Chebyshev (RKC) Methods:
Enhanced stability methods (see also DUMKA and ROCK).
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® Special Mention

SSPX2
m 2nd-order explicit Runge-Kutta.
m Optimal strong-stability-preserving (C = 1).
m Low-storage algorithm (only two “registers” required).
m Stability-enhanced (more stages — large stability region).

m Default solver of emgr.
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== O

W= O
W= O O
wH O O O
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= wlhw—= O

= O O O
BHO O O O

W W W — O
W wlEwl—= O O
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® Actual GLMs

m Two-Step Runge-Kutta Methods
m Two-Step SSP Methods

m Accelerated Runge-Kutta Methods
m Improved Runge-Kutta Methods

m Pseudo Runge-Kutta Methods

m Almost Runge-Kutta Methods
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® Generalizing GLMs

m Rosenbrock methods:
Use derivatives of vector field f.

m Obreshkov methods:
Use derivatives of trajectory x.
m Second-Order methods:
Semi-implicit Euler, Leapfrog, Verlet, Central finite differences, ...

m Modified Runge-Kutta methods:
Use alternative means to combine samples (b;).
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@ General References
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John Butcher’s Tutorials:
https://www.math.auckland.ac.nz/~butcher/0DE-book-2008/Tutorials/
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